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Abstract: Among all the product of two graphs G and H, the Cartesian product
G x H, tensor product G ® H and strong product G X H are very well known and
studied in detail. Recently, Cartesian product and tensor product were generalized
by defining 2-Cartesian product and 2-tensor product and their properties were
studied. In this paper, we have generalized strong product of two graphs G and H
by defining 2-strong product G Xy H and studied some basic graph parameters like
connectedness and distance.
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1. Introduction and Preliminaries

Product of two graphs G and H has been defined in many different ways in
literature. Among all the products, Cartesian product G x H, tensor product
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G ® H, strong product G X H and lexicographic product G o H are studied in
detail ([5] & [6]). Cartesian product and tensor product have been generalized by
defining 2-Cartesian product G x5 H and 2-tensor product G ®, H in [2] & [3] and
basic parameters of both the graphs have been obtained in terms of the parameters
of G and H.

In this paper, we generalize strong product of two graphs G and H by defining
2-strong product G Xy H and study some basic graph parameters.

For any graph to be called connected, every vertex pair in it should be connected
by a path. Distance between two vertices x and z’ in graph G is defined as the
length of shortest path between x and 2’. For rest of the basic definitions in graph,
we refer [4].

Definition 1.1. Let G = (V(G), E(G)) and H = (V(H), E(H)) be two connected
graphs. Then 2-strong product of G and H s a graph denoted by G Xy H with
vertex set as V(G Xy H) = V(G) x V(H) and edge set as
E(GNy H) = {(z,y)(",y) : (v = 2" & du(y,y) = 2) or (dg(x,2") =2 & y = ¢/)
or (dg(z,2') =2&dy(y,y') = 2)}. Equivalently, dg(x,2") € {0,2} and
du(y,y') €{0,2}.

If we replace 2 by 1, we get the definition of usual strong product G X H.

Remark 1.2.
1. |E(G Ry H)| = [V(G)|IN*(H)|+|V(H)||N*(G)|+
2 N*(G)|IN*(H)|,
where N*(G) denotes the collection of all distinct pair of vertices which are at

distance 2. Hence, we always assume that N*(G) and N*(H) are non-empty
sets. Otherwise, we get G Wy H as null graph.

2. GRy H=HMNX,G.

3. GXy H = (G x9 H)U (G ®9 H), where G x4 H is the 2-Cartesian product
of G and H, G ®y H is the 2-tensor product of G and H and U denotes the
edge disjoint union of G X9 H and G @4 H ([2], [3]).

Example 1.3.
1. P, X, C4 has four components as K.

2. One component of 2-strong product of two graphs P, and C5, P, Ky Cy is
shown below.
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3. Let G & H be the graphs shown below.

Figure 1: G H
d ‘ "

Then, G Xy H is shown below.
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Figure 2: G Xy H

First, we obtain basic graph parameters of G Xy H such as degree of vertex,
regularity and Eulerian property.

Proposition 1.4. Let G = (V(G),E(G)) and H = (V(H), E(H)) be two graphs.
Then, for (z,y) € V(G Xy H),

degam, (7, y)) = degy(w) + degy(y) + degy () degy(y),

where degy(z) = |[N?(z)| and N?(x) = {2’ € V(G) : dg(x,2") = 2}.
Proof. Let (z,y) € V(G Xy H). Then all vertices (z,y’), where ' € V(H) with
dy(y,y") = 2 are adjacent to (z,y). Note that there are degs(y) such vertices.
Similarly, all vertices (2/,y), where ' € V(G) with dg(x,2") = 2 are adjacent
to (x,y). There are degs(x) such vertices. Also, note that (2/,y') € V(G Xy H)
where dg(z,2') = 2 and dy(y,y’) = 2 is adjacent to (z,y) and there are
dega(x)dega(y) such vertices. Thus, degree of (z,y) in G Xy H is
dega(z) + dega(y) + dega(z)dega(y).

Now, we obtain a sufficient condition of regularity in GXy H, using the following
definition of second regular graph given in [7].

Definition [7]. A graph G = (V(G), E(Q)) is said to be second regular with
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reqularity k if degs(x) =k, for all x € V(G).

Corollary 1.5. If graphs G and H are second regular graphs with reqularity ky
and ko respectively, then G Xy H is ki + ko + k1ko regqular graph.

In general, if G and H are Euler graphs, then G Xy H may not be an Euler
graph.

Example 1.6. Let G = H be the graph shown below.

f

d 9
Figure 3: G =H

Then, G and H are Euler graphs, but G Xy H is not Euler, as degem, (e, €) is
odd, using Proposition 1.4.

Now, we give a characterization for G Xy H to be Euler graph, in terms of 2
degree of a vertex.

Theorem 1.7. Let G = (V(G),V(G)) and H = (V(H),E(H)) be two connected
graphs, such that G Xy H is connected. Then, degs(x) is even for every x € V(G)
and degs(y) is also even for every y € V(H) if and only if G Wy H is an Euler
graph.

Proof. Follows from Proposition 1.4.

Remark 1.8. Let G = (V(G),E(G)) and H = (V(H), E(H)) be two graphs with
N2(x) # 0 for some x € V(G) and N?(y) # 0 for some y € V(H). Then K, is a
subgraph of G®y H and hence G Xy H is a non-bipartite graph.

2. Distance and Connectedness

In this section, we obtain the distance formula and discuss connectedness of
GX, H.
In usual strong product G X H of two graphs G and H, distance formula is
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given as follows:

Theorem. [5] For two vertices (z,y) and (',y) in GX H,

dG@H«x) y)v (xlv y/)) = maX{d(;(x, x/)a dH(y> y,)}
To obtain distance formula for G Xy H, we shall need the following definition.

Definition. [7] Let G be a connected graph with N*(u) # 0, Yu € V(G) and
let ;2" € V(G). Then, d(xz,2") is defined as the length of the shortest walk
Wz =wy— w — ... > wy =a between x and ' of the form 2k (k € N) in
which d(w;, wi2) =2, 1=0,2,4,...,2k — 2.

If there is no such walk between x and ', then dg(z,z") = oo.

Remark 2.1.
1. For any z,2’ € V(G), dg(x,2") < d(z,2’).

2. For x,2' € V(G), if dg(z,2') is even, then dg(x,2') = dg(x,2") and if
da(x,2’) is odd, then dg(x,z") < dg(z,2").

3. For a connected bipartite graph G, if x and &' are in same partite sets of G,
then dg(x, x') is even and hence dj(z,2') = dg(x, x') < 0o, whereas, if x and
x' are in different partite sets, then dg(x,x') < oo but di;(z,z") = oc.

Example 2.2. For G = Cy,41, if dg(z,2’) is odd, then
de(z,2") = 2n+ 1) —dg(z,2") > dg(z, 2').

Proposition 2.3. For a connected, non bipartite and triangle free graph G,
di:(z,2") < 0o for every x, 2’ € V(G).
Proof. Let z,2’ € V(G) and C be an odd cycle in G. If dg(z, 2’) is even, then
di(z,2') = dg(z,2') < co. Now, if dg(x,2’) is odd, then traversing the cycle C,
there is an even length walk, say W between x and 2’. Let
W :x =wu — u — us — ... — ug, = 2’ be the walk. Then, note that, if
de(u;, uipo) = 1 for some even i < 2k, then u;, u;11 & ;o forms a triangle in G,
which is not possible. Hence, dg(u;, u;42) = 2, i =0,2,4,...2k — 2 and therefore,
di(z,2") < 2k < 0.

Using this definition of d'(x, "), we obtained the distance formula for two ver-
tices in G Xy H.

Theorem 2.4. Let G and H be two graphs with N*(z) # 0 for all x € V(G) U
V(H). Then for (x,y), (z',y) € V(GXy H),

deorr((2,y), (2, ) = max{ 2aG) L@y
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Proof. Suppose dj(z,2") = 2m < oo and dy(y,y") = 2n < oco. Consider, the
following two walks corresponding to di(z,2") and d(y,y") with

da (i, Tite) = 2 =du(yi, yire) (1=0,2,4,...):

P:ox=xg—=x1—>To— ... Tomo1 — Tom =2 &
QY=Y =1 =Y ... = Yon1 ~ Yo=Y

Without loss of generality, assume that m > n. Now,
(z,y) = (2,y2) = (T4, Ys) = .. = (Ton, Yon) = (Tona2,Yon) — ... — (2,y) is a
walk in G Xy H of length m as dg(z;, xit2) = dg(yi, Yir2) = 2. Thus,
domyn ((2,y), (2, y) < m = 602 = max {elpt) dalys)y o

Conversely, let dag,z((z,y), (z',y')) = m < oo and let
P:(z,y) = (x1,11) = (22,92) = ... = (Tm-1,Ym-1) — (2',y) be corresponding
path in G Xy H. Now, consider the paths

Po(P):x=x0—= 21 2Ty .0y 1 > Typ=0%&
PH<P):y:y0_>y1—>y2—>...—>ym71—)ym:y’

with dg(x;, ,41) = 0 or 2 for every i and dy(y;, yir1) = 0 or 2 for every i.
Casel.x =2, =29 = ... = Zpp1 = Ty =

In this case, dg(z,2’) = 0 and hence di,(z,2") = 0 by definition. Also, y; # v;,
for any 1 < i,57 < m, (i # j) and hence dy(y;41,y;) = 2 (1 = 0,2,...). Now,
as dg(yiv1,v:) = 2 for every i, we have y; — a;11 — ;11 for every i, for some
;41 € V(H) Thus, y =yo — a1 = y1 = a2 = Yo —> ... = ...Qp —> Yy = y/
with dg(yi, yir1) = 2 for every i. Hence, we get diy(y,y') < 2m. Therefore,

88) < 1y = e (2, ), (&', /)). Also, %) — 0. Thus

max{ 252, CCD Y < damyp (2, ). (o, y)).

Similarly, if Y=Y1=Y2= . . Yn-1=Ym =4, then
max{ W LETY < qo y((2,y), (@, y).
Case 2. There is atleast one ¢, such that z; # = and j such that y; # y.
Note that in this case, from Pg(P) and Py (P), we get two subsequences
T =ug = up = ug = ...u1 — uy = 2’ with dg(u;, ui 1) = 2 for every ¢ and
Yy =1vy = v — Vg — ...U01 — v =y with dg(v;,vi41) = 2 for every i.
Now as dg(u;, uir1) = 2 and dy(v;,vi41) = 2 for every i, there is a;41 € V(G)
and b1 € V(H) such that u; — a1 — w1 and v; — by — v;4q. Thus,
we get two walks, © = ug — a1 = U — ay — uy — ...aqp — w = ¥’ and
y=1vy = by = vy = by —=vg— ... = by = v =19 Thus d(x,2’) < 2l and
dy(y,y') < 2k.
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Therefore, M <[l <m and M < k < m. Thus,
maX{M, M} < m.

Now, suppose di;(z,2") = oo or dy(y,y") = oo. If possible, suppose
dew,u((z,y), (2',y')) = m < oo. Then, using arguments given in converse part,
d(x,2") < 0o and d(y,y') < oo, which is a contradiction. Now, suppose
des,m((z,y), (2',y')) = oo. If possible, suppose, di;(z,2") < oo and
dy(y,y') < co. Then, by arguments given in first part, deg,n((z,v), (2/,y')) < .
Thus, d;(z,2") = 0o and dy(y,y') = oo.

Now, we obtain the connectedness of G Xy H.

Theorem 2.5. Let G and H be two connected graphs with N*(u) # 0
VueV(G)UV(H).

1. If G and H are both bipartite graphs, then G Xy H has four components.

2. If one of the graph G or H is non-bipartite triangle free and other is bipartite,
then G Xy H has 2 components.

3. If G and H both are non-bipartite triangle free graphs, then G Wy H is con-
nected.

Proof.

1. Let Uy, Uy be two partite sets of G and V, V5 be two partite sets of H and
let Wi; = U; x V; for 1 < 4,57 < 2. Now, if (z,9),(2',y’) are in different
Wij, then either x and 2’ are in different partite sets of G or y and ' are in
different partite sets of H. Therefore, either di;(x,2") = oo or dy(y,y') = oo
and hence, by above theorem, dew,r ((z,y), (z/,y')) = co. Thus, G Ky H has
at least four components W;;.

Now, if (z,y) and (2',y') are in same W;;, (i, € {1,2}), then z & 2’ are
in same partite set of G and y & y' are in same partite set of H. Thus,
di(z,2") < 0o and dy(y,y') < oo and hence, dgw,n((x,y), (2/,y)) < o0, i.e.,
(x,y) and (2’,y') are connected by a path in G X, H.

Therefore, there are exactly four components in G Xy H.

2. Let G be a bipartite graph and let U; and U; be two partite sets of G and let
W; =U;xV(H) for 1 <i<2. If (z,y) and (2/, ) are in different W;, then x
and 2’ are in different partite sets of G and hence, di;(z, 2") = co. Therefore,

dew,m((z,9), (2',y")) = oo and so, there are at the least two components in
GNXy H.
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Further, if (z,y) and (2/,y') are in same W;, 1 <i <2, then z and 2’ are in
same partite set and hence, di(x,2") < 0o. Also, as H is non bipartite and
triangle free, by Proposition 2.3, d;(y,y’) < oo. Thus,
dew,m((z,y), (2',y")) < oo and hence (z,y) and (2/,y’') are connected by a
path. Therefore, there are two components in G Xy H.

3. Let (z,y),(2',y') € V(G Xy H). Then, by Proposition 2.3, di,(z,2") < oo
and dy(y,y') < oo. Thus, dex,u((z,y), (2',y")) < co and hence, (z,y) and
(«',y") are connected by a path. Thus, G Ky H is connected.

3. Diameter, Eccentricity and Radius

In this section, we obtain some more basic graph parameters which are de-
pending on distance between two vertices. For example, diameter, eccentricity and
radius.

Definition 2.1. Let G = (V(G), E(G)) be a graph. Then, we define
1. 2-diameter of G by max{d,(z,y) : z,y € V(G)} and we denote it by diams(G).

2. 2-eccentricity of a vertex x in G as max{dy(z,z’") : 2’ € V(G)} and we denote
it by €' (x).

3. 2-radius of G as min{e/(z) : € V(G)} and we denote it by rady(G).

4. 2-closed neighborhood of a vertex x in G as {2’ € V(G) : dg(z,2") < i} and
we denote it by N{[z,G].

If we replace d;(z,2") by dg(x,2’) in above definitions, we get the definition of
usual diameter. eccentricity, radius and closed neighborhood.

Remark 3.2. In general, diam(G) (or rad(G)) and diams(G) (or rady(G)) are
different.  Note that, diams(G) (or rady(G)) is always even and if diam(G)
(or rad(G)) is even, still diamq(G) (or radq(G)) may be different from diam(G)
(or rad(G)).

We obtained the following relation between diameter of graph G Xy H and 2-
diameter of G' and H.

Theorem 3.3. Let G and H be two graphs. Then,

diam(G Ky H) = max{ diam;(G)’ diam22(H)}_

Proof. Let diam(G Xy H) = d. Then, for any z, 2’ € V(G) and y,y € V(H),
de(z,2")

daw,u((7,y), (z',y")) < d. Therefore, by Theorem 2.4, max{-<3—, M} < d.
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Thus, di;(z,2") < 2d & dy(y,y') < 2d. But, as x,2’ and y,y’ are arbitrary,
diams(G) < 2d and diamy(H) < 2d. Therefore, max{ dia";Q(G), di“m;(H)} <d.
Conversely, let diamy(G) = d; and diams(H) = dy. Then, for any
(z,y), (2, y) € V(GRy H), di;(z,2") < dy and dy(y,y’) < dy. Therefore,
dew,u((z,y), (2/,Y) = max{dc"—m,w} < max{dQ—l,%Q}. But, as (z,y) and
(2/,y') are arbitrary, diam(G Ky H) < max{%, %2}
By similar arguments, the following can be proved.

Theorem 3.4. Let G = (V(G), E(G)) and H = (V(H),E(H)) be two graphs.

1. For (xz,y) € V(GXy H), ecc(x,y) = max{@, #}

2. rad(GXy H) = max{mda(G) radgz(H)}'

3. For (z,y) € V(GXy H), N;i[(z,y),G Ky H| = N[z, G] x Ni,|y, H|, where
Nilz,G] = {2’ € V(G) : d(z,2") <i}.
We consider the following non-bipartite graphs:
Definitions [1]
1. A wheel graph W, is a graph with n + 1 vertices that contains C),, and one

other vertex which is adjacent to every vertex of (. The vertex which is
adjacent to every vertex is called center vertex.

2. The Helm graph H,, is the graph obtained from W,, by adding a pendent edge
to each vertex of C,, in W,,.

3. The closed Helm graph C'H,, is the graph obtained from H,, by adding edges
between pendent vertices.

Example 3.5.
Graph diam(G) | diams(G) | rad(G) | rads(G)

Cont1 (n>1) n 2n n 2n

H, (n>4) 4 6 2 4

CH, (n>4) 4 6 2 4

P, (n>2) n—1 00 [n] 00

Kppn (myn > 2,m # n) 2 00 2 00

W, (n>4) 2 00 2 00
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